Among some of the current uses of the DC Superconducting QUantum Interference Devices (SQUIDs) are qubit-readouts and sensors for probing properties of quantum materials. We present a rather unique gradiometric niobium SQUID design with state-of-the-art sensitivity in the femto-Tesla range which can be easily tuned to specific readout requirements. The sensor is a next generation of the fractional SQUIDs with tightly optimized input coil and a combination of all measures known for reducing parasitic resonances and other detrimental effects. In addition, our modeling predicts small dimensions for these planar sensors. This makes them of great interest for material studies and for detection of magnetic fields in small volumes, e.g. as part of a cryogenic scanning quantum imaging apparatus for efficient diagnostics and quantum device readouts. This manuscript will benefit scientists and engineers working on quantum computing technologies by clarifying potential general misconceptions about DC SQUID optimization alongside the introduction of the novel flexible compact DC SQUID design.
Introduction
Superconducting QUantum Interference Devices (SQUIDs) remain one of the least perturbative and most sensitive magnetic field detection technologies available today. The SQUIDs rely on the property of the singly-valued wavefunction along the SQUID circumference, which leads to its periodicity with the flux through the SQUIDs contour (1) . Nearly any physical property of a SQUID becomes sensitive to flux in a quantized way allowing it to be used as a sensor of magnetic flux or field. SQUIDs range from large devices used in bulk material characterization, living organism signals detection, and geological systems (1) to sub-micron size sensors (2) at superior signal levels leading to thrilling discoveries in quantum materials (3) (4) (5) (6) (7) (8) . A particularly underexplored area is a utilization of still compact but extremely high field (integrated flux) sensitivity SQUID sensors in a scanning setup. They are ideally suited for challenging applications such as diagnostics of parasitic surface spins on full-scale wafers of materials (e.g. monolayers), and even timelier as non-perturbing qubit-readouts (9) (10) (11) (12) (13) (14) (15) (16) . By using a qubit readout SQUID on a scanning platform (17) a tunable non-perturbative electromagnetic quantum coupling may be realized which is not possible in readouts fabricated on the same chip as the qubit (Figure 1 ). Another possible significance of such devices is in quantum-classical interfacing (18) where the heat dissipation is removed from a qubit chip by using a remote scanning SQUID, which minimizes backaction and minimizes effects from poisoning phonons and quasiparticles (19) (20) (21) . Thus, oftentimes, SQUIDs are desirable on a millimetric length scale for non-perturbative adjustable coupling and large area or large cross section field integration for efficient signal collection and reduced effects from polluting processes.
In this work we first review the sensitivity concerns in DC SQUIDs and then show modeling and design of practical gradiometric SQUID sensors for the femto-Tesla range for the potential applications mentioned above. Our calculations predict flux noise figure-of-merit similar to highcoherence qubits and devices (22) (23) (24) substantiating the prospective effectiveness of these devices for quantum-ready readouts. 
Sensitivity considerations for DC SQUIDs
The theoretical ultimate energy sensitivity of a simple Direct Current SQUID (DC SQUID) was determined to be (25) (26) (27) :
where is the total inductance of the squid loop and is the capacitance of each Josephson junction, which yields the flux noise
This value is the approximate theoretical limit expected with available DC SQUID technologies at finite temperatures (at very low temperatures there is another quantum-fluctuations term limiting the possible sensitivity (28) ). In the current best SQUID systems, the noise level is typically ~10 89 − 10 8; Φ = /√ (29, 30, 1, (31) (32) (33) (34) 7) . Achieving even these values is not trivial. This figure of merit is relevant to white noise levels at frequencies >10…100 Hz. Below ~10…100 Hz the so called 1/f noise is dominant, but in particularly carefully fabricated devices the 1/f component is not tremendously high, making the design considerations in this manuscript valid also for low frequencies (DC limit). Further progress is limited by Josephson-junction technologies, and also by parasitic noise sources such as charge noise from the dielectrics and from paramagnetic-like spin fluctuations on the surfaces of the metals used in SQUID fabrication (35) . Thus, a very good level of experimental noise is typically ~10 8; Φ = /√ . Note that these are white noise figures and low frequency noise is typically worse, however white noise figures are what is typically referred to in literature.
The detected external flux couples to the SQUID either directly to the SQUID loop or through additional superconducting coils, loops, or transformers (36) . As the applied flux is changed, the current-voltage characteristics of the SQUID oscillates with a period of Φ = (the flux quantum); the critical current modulation depth ∆ B /2 C depends on the important parameter = 2 = /Φ = holding the information about the modulation depth, where C is the zero-flux critical current. For = 1, the modulation depth is ~50% or = (29) . Additionally, the current-voltage characteristic is single-valued if another parameter, E = 2 G % /Φ = , is less than one (37), where is the junction's shunt resistance. These two parameters define the baseline performance of the SQUID. As a practical rule, the values ~1 and E ≲ 1 are used to optimize SQUID performance (25) . Put another way, G should be as large as possible while keeping E ≲ 1 and ~1.
The properties above are strongly materials and fabrication process dependent. For the 10 / % current density in the tri-layer Nb/AlOx/Nb process that we use with SeeQC Inc. (formerly Hypres Inc.), the smallest junction radius in our SQUID is ~0.56 µm, for which we obtain a critical current in the smallest junction of ~10 A, a capacitance of ~5 , and a 2 Ω shunt resistor, while keeping E ≲ 1. The condition of ~1 leads to an optimal inductance of the SQUID of = 100 . In practice, SQUID inductance can be varied by about a factor of 2 without a realistically noticeable compromise in the performance.
On a more practical level, the geometry of the SQUID plays an important role in noise performance of its field-sensitivity (as opposed to flux-sensitivity). This geometry defines the inductances of the SQUID and flux pickup circuits, as well as the parasitic inductances and capacitances which may induce noisy resonances. External and trapped flux rejections are important concerns; flux coupling and flux collection efficiency are also determined by SQUID geometry (38) . Here, we focused our optimization on these parameters and associated designs to achieve high field-sensitivity, $ = $ / TUU , where $ is the intrinsic flux noise of the SQUID defined above and TUU is the effective area of the SQUID, which generally considers flux focusing and shielding effects (28, (38) (39) (40) (41) . For square washer-like SQUIDs (Figure 2 ) with >> and >> , where is the relevant magnetic penetration depth (London or Pearl). The effective area is not the same as the simple geometrical size of the washer and is determined by TUU ≈ * ( + 2 ). The inductance of this square washer SQUID is = G ( + ) ] % _ ]ln ]1 + b c _ + 0.5_, for D/w≥10, and = G ] % _ ]ln ]5 + b c _ + 0.25_ for D/w≥1, and = 1.25 G otherwise (28) . The washer thickness, , usually enters as a parameter coupled to the penetration depth, the conditions above, >> and >> , mean that we assumed the thickness of the washer >> . In practice, if we are using a few hundred nanometers thick niobium layers with the London penetration depth of ~80 nm, and lateral sizes larger than 1-2 micrometers, the conditions above are well satisfied. Using these expressions combined with the flux noise expressions above, we calculate the SQUID field sensitivity as shown in Figure 5 . For a SQUID (single, not gradiometer) pickup area of ~5x5 mm 2 , signal resolution on the order of 5 fT/√ is expected, which makes femto-Tesla signals attainable within a few seconds of averaging time. However, 1 fT/√ requires a much larger pickup area (≳ 10x10 mm 2 ) in this simple geometry. Figure 2 . Square washer SQUID geometry, which we use as a basic element in our calculations and designs. The square SQUID provides efficient flux collection on a small chip area as well as efficient coupling to input coils (38) .
One intuitive (but typically incorrect) suggestion for improving the field sensitivity of SQUIDs is to increase the number of turns of the SQUID loop, thus effectively increasing the phase drop (proportional to the flux) on the Josephson junctions. However, the main problem with this solution is that the inductance of the SQUID grows rapidly with the number of turns (usually as the square of the number of turns) and does not outpace the gain from the effective larger pickup (linearly proportional to the number of turns), especially for narrow line loops (42) . This increase happens because the loops must be large (millimeters) for our target field sensitivities, yielding high single-loop inductances. A better strategy is to reduce the detrimental effects of large inductance rather than only make the SQUID pickup area effectively larger. Note that while this approach may be useful for very small SQUIDs (nano-SQUIDs and micro-SQUIDs) with small inductance, such SQUIDs are not relevant to field-sensitivity devices.
Flux input configuration
One way to improve the field performance of the SQUID with direct flux input is to connect several SQUID loops of smaller dimensions side-by-side in order to increase the overall field collection area and minimize parasitic capacitive coupling (43) (44) (45) (46) (47) (48) (49) . In this geometry the total inductance of the SQUID is ~/ , where is the individual loop inductance and is the number of loops. However, the improvements in the size of the SQUID are incremental -in the range of a couple of tens of percent reduction (calculated data not shown). This approach usually works well for somewhat less demanding target fields (smaller SQUID pickup area), in this case, the improvement can be more substantial (43) (44) (45) (46) (47) (48) (49) . Besides, the multi-loop SQUID is not suitable for direct field imaging of nearby objects due to complicated imaging kernel of multiple pickup loops. Below we rationalize that a different (new) parallel loops approach can be very useful in SQUIDs with input coil circuits, but not in the direct detection form discussed in the preceding paragraphs.
Generally, the main advantage in using the field coil input circuit is that the large inductance of the input coil can be implemented without a substantial degradation of SQUID performance. Magnetic field or flux can be collected by a fully superconducting loop of a desired shape and then magnetically (rather than electrically as in the direct schemes above) coupled to a SQUID (38) . This approach keeps the SQUID inductance small while the pickup coil inductance can be larger than that achieved via direct schemes without a large penalty in intrinsic SQUID noise. However, measures against the effect of parasitic capacitances and inductances that cause undesired resonances must be taken. If not removed properly, these undesired resonances when fed into the SQUID can be amplified by the non-linear current-voltage characteristic of the Josephson junctions, effectively compromising the performance of the SQUID (50) (51) (52) (53) (54) (55) (56) .
The choice of the input coil geometry is not arbitrary. Flux coupling is most efficient when the inductance of the input coil is (ignoring inductances of connecting lines) equal to the inductance of the pickup loop(s): i = jk (if there are two electrically connected pickup loops then coupling is most efficient when i = 2 jk ). In this case, half of the sensed flux (flux through the pickup loop(s)) is screened by the pickup loop portion of the input circuit and the other half by the coil at the input to the SQUID. Thus, the SQUID detects only a fraction of the external flux. The amount of flux detected by the SQUID, l , depends on the mutual inductance between the input coil and the SQUID, i :
Generally, the mutual inductance is smaller than or equal to the input coil self-inductance. Therefore, the flux noise performance (or energy sensitivity) of such a scheme is worse than that of the direct flux-coupling SQUID described in the beginning of this manuscript. However, a gain in field sensitivity may be obtained for much smaller pickup loop sizes, because the effect on is minimized with the input coil scheme.
In other words, a practical benefit arises because the pickup loop can have a large inductance and a large flux collection area without a large effect on the intrinsic noise: the input coil can be constructed to have a matching inductance, for example by using the Ketchen coupling scheme of a spiral input coil to a wide washer SQUID (38, 39) . In this case, the self-inductance of the input coil scales with the square of the number of turns i ≈ % , while the mutual inductance scales as i ≈ (26, 29, 39) . Thus, the flux noise performance of such a scheme is
Combining Eq. (4) with the basic noise performance equation Eq. (2) reveals that the size of the SQUID for sensitivities in the range of 1 fT are substantially smaller than those in the direct coupling schemes. This design therefore constitutes a promising direction to achieve high fieldsensitivities. In the next section, we discuss a further improvement with a new scheme of several washers in parallel with input coils connected in series.
Original design with series input-coils and fractional squid-loops.
The main advantage in using the field coil input circuit is that the large inductance of the input coil can be implemented without a substantial degradation of SQUID performance. However, the flux sensitivity is compromised during matching of the input coil inductance and the pickup loop inductance. This is tolerable for some applications, but often higher sensitivity is needed. Often this compromise is forced by use of a commercial SQUID with a fixed inductance input coil and a customer-provided pickup loop. In other words, when is large in Eq. (4), it can degrade the performance of a standard input coil with washer setup.
In the following new approach based on the new 'fractional SQUID' designs, we have substantially improved this performance with parallel SQUID loops (Figure 3, Figure 4 ). Instead of having one washer SQUID loop and an input coil consisting of many turns, we use many parallel washer SQUID loops (57), with a single loop input coil each in gradiometric configuration both for the pickup loops and the input washers to cancel the influence of the external field noises when the currents flow with the opposite chirality in the different sub-loops ( Figure 3 (39, 38) , the mutual inductance is equal to the washer inductance 2i = 2 (Figure 3) , and therefore jk = 2 l . This is the best flux-at-the-pickup to flux-at-the-SQUID conversion that can be achieved. Our scheme presented here makes the use of this estimate opening the possibility for femto-Tesla sensitivities within relatively small sizes of chips.
It is necessary to have on the order of = jk / SQUID loops connected in parallel, as well as the same number of input coils, leading to a total matching to the pickup loop inductance of tens nH. Figure 5 , shows our calculations of these inductances for several target field sensitivities. In a striking result, this design promises sub-femto-Tesla sensitivity in about 10x10 mm 2 footprint per pickup loop. This promises many additional uses in fields ranging from material sciences to neurosciences and in similar or potentially more compact experimental setups (58) (59) (60) (61) (62) (63) (64) (65) (66) (67) (68) (69) . 
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Series input coils
Series input coils Josephson Junctions Figure 4 . A wire diagram of our parallel washer gradiometric SQUID (Figure 3 ) unfolded in a 3-dimensional schematic. The design implements input coils in series showing the coupling between different components of the sensor. There are two gradiometrically configured input circuits with pickup loops and N of one-turn input coils connected in series. The SQUID consists of N parallel washers, configured in a gradiometric fashion, as well. In the actual CAD design, we have further improved this approach by reducing the number of turns in the input coils, reducing parasitic capacitances, and implementing damping resistors to reduce resonances.
Figure 5. Calculated field performance of a bare washer SQUID (top). And sensitivity figures for Ketchen SQUID (solid line) and a fractional-loops washer SQUID (dashed lines) with an input coil (bottom). In the top plots the SQUID body collects the external flux directly. In the bottom plot the flux is collected by a pickup loop and through a series of one-turn input coils coupled to the SQUID.
Left: contour plots of the noise in /√ of a SQUID or a pickup loop with an arm width, W, versus the opening size, D. Right: the same sensitivity data plotted as the lateral size of the SQUID versus the SQUID opening size. In the bare SQUIDs, to obtain the femto-Tesla sensitivities, the SQUIDs should be quite large, more than 20x20 mm 2 .
In the fractional-loops SQUID, and for realistic fabricated chip sizes of ~10x10 mm 2 , we can obtain sensitivities in the range of − /√ . Achieving femto-Tesla range sensitivities is also possible with the one stage input coil designs -both fractional SQUIDs and Ketchen SQUIDs provide the same expected noise performance.
Fabrication-ready gradiometer for the femto-Tesla range
Gradiometric designs (70) can offer an external noise rejection of ~10000x or more (71, 72, 1, 73) . In addition, gradiometers enable more efficient studies of material properties, as they are not susceptible to background signals that do not originate in the samples under study. A field coil can be used to induce local magnetization in the materials. Following the concepts and calculations proposed in the preceding sections, we have designed 50 femto-Tesla gradiometers (and susceptometers) within ~10x20 mm 2 (Figure 6 ). Figure 6 depicts the overall layout along with the layers legend. The pickup loops are wide and therefore have moats for flux trapping (74) . This design implements 16 parallel washers and the main geometries of the SQUID are summarized in Table 1 . Figure A 1 of the appendix contains the details of one realization of the Josephson junctions' region with shunt resistors and an additional damping resistor (51, (75) (76) (77) (78) , which reflect b=1 condition for a 10 µA critical current with 16 parallel washers resulting in ~100 pH SQUID inductance. Figure A 2 of the appendix illustrates a section that includes several parallel washer SQUIDs that are arranged in two parallel columns of 8. These washers have flux trapping moats (74) . The first 8 and other 8 washers are also gradiometrically configured to reject external noises. The two sets of input coils are electrically isolated, which is also a novel approach. Very small parasitic inductances due to the wide lines and very small capacitances due to very thick oxide (a couple of micrometers of SiO2) are achieved in these designs: the total parasitics are in the range of a few hundreds of pH. The undesired effects of these parasitics should be further minimized by the damping resistors. Figure  A 3 shows an individual 1.59 nH washer section, with the flux trapping moats (74) and damping resistors emphasized. Overall, these designs show compact devices with greatly enhanced field sensitivity while still being of similar or smaller dimensions than previously (58) (59) (60) (61) (62) (63) (64) (65) (66) (67) (68) (69) . This makes this new design very attractive for practical applications requiring only a few millimeters spatial resolution and yielding an extraordinary field sensitivity in a potentially more compact formfactor than before. Moreover, they can be manufactured at a foundry using conventional superconducting integrated circuits fabrication methods. 
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Appendices Appendix A. Optimizing flux transfer for N fractional loop squid and in-series input coil loops
Here we provide details that lead to the conclusion that the design with fractional loops squid with one-turn in-series input coil loops is optimal for our purposes of detecting efficiently fluxes sensed by large inductance pickup loops but with relatively small dimensions. When a flux ∆ jk , is defined in ref. (1) and is on the order of 0.04 in our example above, i is the total unscreened input coil inductance, 2i is the inductance of the unscreened one-input coil segment out N connected in series, 2 is the mutual inductance between one segment of the input coil and one fractional SQUID washer.
In the classic washer geometry, the inductance of the input coil (an -turn secondary coil) actually coupled to the washer (a 1-turn wide primary coil) is equal to the washer inductance due to an almost perfect imaging of the secondary by the currents in the primary plus the strip inductance of the secondary (1, 29) :
The flux transfer factor is the ratio between the externally applied pickup loop flux ∆ jk , and the flux sensed by the SQUID, ∆ l = 2 / • i = i { 2 2i i (29, 86):
By taking the derivative of this expression with respect to the pickup loop inductance, it can be easily shown that this factor is maximized when jk • is the geometric inductance of the central hole in a washer (primary coil), lk the slit inductance, and lyzij is the stripline inductance of the secondary line (which essentially represents flux leakage). In relatively large washers (tens or hundreds of microns) we can safely assume • ≫ lk for finding the optimal . Further, in our case lyzij is on the order of 100 pH per one turn of the input coil, while • ≈ = 1. 59 . We can thus write }~• ≈ 2 %•$ , which is obviously optimized for = 1 and = 1 as in our design (note, this is not necessarily accurate for small SQUIDs, for example, with a larger fraction of flux leakage in between the primary and the secondary and in the washer slit).
This result echoes the textbook expressions for the classic input coil design for a single washer (71, 86) , with the exception of the fact that our expression contains variables that represent a single segment in the input coil and a single turn in the fractional washer. Thus, in our case the Josephson junctions will see a much smaller 1), which is beneficial for maintaining a relatively high overall energy sensitivity of the SQUID (meeting the optimization condition for = 1).
Note also, that the energy sensitivity of our design is not better than that of the previous approaches and is still fundamentally limited by the same considerations as in the classic cases (29, 50, 86) , but this design is optimized for the compactness of the pickup loop while maintaining high integrated flux (field) sensitivity without compromising the squid inductance. There is one instructive way to understand our results, that the flux from the pickup loop is effectively squeezed by a factor of about 100 (in our example) into a smaller area while still being effectively coupled to a small inductance SQUID. This effect may have further fundamental applications in quantum sensing in general.
Appendix B. Details of the design layout
Below are enlarged regions of the design presented in Figure 6 . They serve as an example of the design details to guide engineering efforts based on our paper. 
